DISTRIBUTION OF POINTS AND HARDY TYPE INEQUALITIES IN 
SPACES OF HOMOGENEOUS TYPE 
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(N- Abstract. In the setting of spaces of homogeneous type, we study some Hardy type inequal- 

ities, which notably appeared in the proofs of local T{b) theorems as in |AR| . We give some 
sufficient conditions ensuring their validity, related to the geometry and distribution of points 
in the homogeneous space. We study the relationships between these conditions and give some 
Ch , examples and counterexamples in the complex plane. 
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1. Introduction 



The goal of this paper is to study, in the setting of a space of homogeneous type, what we 
call Hardy type inequalities. They notably appear in the proofs of local T(b) theorems as in [HJ, 
[ARj . where they play a crucial role to estimate some of the matrix coefficients involved in the 
arguments. The prototype of a Hardy type inequality is the following in the Euclidean space of 
dimension 1: 
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where /, J are adjacent intervals, supp/ C /, supp^f C J, and 1 < < oo, v' = The 
integral here is absolutely convergent, and this is an immediate consequence of the boundedness 
of the Hardy operator H{f){x) = ^ f{t)dt (hence our terminology). The above 1— dimensional 
inequality easily extends to the Euclidean space in any dimension: for every 1 < i' < +oo, there 
exists C < +00 such that for every disjoint dyadic cubes Q,Q' in M", every function / E L^{Q) 
supported on Q, ^ € L"^ {Q') supported on Q', the following integral is absolutely convergent 
and we have 



This estimate, well known by the specialists, follows from the 1— dimensional one by expressing 
the fact that the singularity in the integral is supported along one direction, transverse to an 
hyperplane separating the disjoint cubes Q,Q' . 

A similar result in the setting of a space of homogeneous type is to be expected, that is 



where I D J = 0, and 1 < u < +oo, l/u + l/v' = 1. Expectedly, it turns out that it holds 
without any restriction if /, J are Christ's dyadic cubes (in the sense of [C], see Section 2), even 
if the previous argument cannot be valid as the dyadic cubes in such a space do not follow any 
geometry. It seemed not to have been noticed in the literature before our work with P. Auscher 
|AR| . It relies in particular on the small layers for dyadic cubes. However, if / is a ball B and J, 
say, 2B\B, then it is not clear in general. It clearly depends on how B and 2B\B see each other 
through their boundary. In fARJ, we came up with some small boundary hypothesis on the space 
of homogeneous type (called the relative layer decay property) ensuring that the inequality was 
satisfied. We also showed that this property held in all doubling complete Riemannian manifolds, 
geodesic spaces and more generally in any monotone geodesic space of homogeneous type. The 
latter notion arose in geometric measure theory from the work of R. Tessera [Tj, and was recently 
proved by Lin, Nakai and Yang [LNY| to be equivalent to a chain ball notion introduced by S. 
Buckley [B2]. 

We continue this study in the present paper, investigating further these different conditions and 
the relationships they entertain. It appears that they are all connected to the way points are dis- 
tributed in the homogeneous space. We produce some interesting examples and counterexamples 
in the complex plane (Theorem 12. 5| see Section 2). A natural question that also arises is the 
following: if the Hardy type inequality for balls is satisfied for a fixed couple of exponents, is 
it satisfied for every couple of exponents? We show the answer is positive if the homogeneous 
space satisfies some additional hypothesis (Proposition 12.6( 1. 

The paper is organized as follows. We give some basic definitions, recall the results already 
obtained in [ARj and present our results in Section 2. We recall the proof of Proposition 12.31 
in Section 3 and give the proof of Proposition 12.61 in Section 4. We then devote Section 5 to 
the layer decay and annular decay properties that appeared in |AR) . We study some geometric 
properties ensuring that the latter are satisfied in Section 6. Finally, we present in Sections 7 
and 8 some examples and counterexamples in the complex plane, inspired from a curve conceived 
by R. Tessera in fTj. 

This work is part of a doctorate dissertation that was conducted at Universite Paris-Sud under 
the supervision of P. Auscher. The author would like to warmly thank him for his kind support. 
I also thank T. Hytonen for his insightful comments and discussions related to this work. 
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2. Definitions and main results 

Throughout this paper, we wih work in the setting of a space of homogeneous type, that is 
a triplet (X, p, fj.) where X is a set equipped with a metric p and a non-negative Borel measure 
H for which there exists a constant Cd < +00 such that all the associated balls B{x,r) = {y € 
X; p(x, y) < r} satisfy the doubling property 

< f^{B{x,2r)) < CDp{B{x,r)) < 00 

for every x (z X and r > 0. We suppose that p{X) €]0, +00], and we allow the presence of atoms 
in X, that is points x (z X such that p{{x}) 7^ 0. 

Remark 2.1. One usually only assumes that pis a quasi-distance on X in the definition of a space 
of homogeneous type in the sense of Coifman and Weiss |CW| . For the sake of simplicity, we limit 
ourselves to the metric setting. However, our work can easily be carried out to the quasi-metric 
setting, though one then has to assume the balls to be Borel sets to give a sense to the objects 
we will define in the following. Note that this is not necessarily the case as the quasi-distance, 
in contrast to a distance, may not be Holder-regular, and quasi-metric balls might not be open 
nor even Borel sets with respect to the topology defined by the quasi-distance. Other kind of 
assumptions and arguments appeared in the literature, see for example |AH| for a discussion on 
the subject. 

We will use the notation A < B (resp. A 7^ B) to denote the estimate A < CB (resp. 
{1/C)B < A < CB) for some absolute constant C which may vary from line to line. Denote by 
supp/ the support of a function / defined on X, diami? the diameter of a subset E <Z X , E 
the topological closure of a set E C X, Card/ the cardinal of a finite set /, \E\ the Lebesgue 
measure of a set E C M", and p{E,F) = mixeE,'yGF pix,y) the distance between two subsets 
E,FCX. 

For 1 < p < 00, let p' = be the dual exponent of p. The space of p-integrable complex 
valued functions on X with respect to p is denoted by LP(X), the norm of a function / € LP{X) 
by ll/llp, the duality bracket given by {f,g) = f-^ fgdp (we do mean the bilinear form), and the 
mean of a function / on a set E denoted by [f]E = p^E)"^ fdp. 

Finally, for any x,y € X, we set 

A(x,y) = p{B{x,p{x,y))). 

It is easy to see that, because of the doubling property, A(x, y) is comparable to A(y, x), uniformly 
in X, y G X. 

The following result, due to M. Christ (see [C]), states the existence of sets analogous to the 
dyadic cubes of M" in a space of homogeneous type. 

Lemma 2.2. There exist a collection of open subsets {Qa C X : j G Z, a G Ij}, where Ij denotes 
some (possibly finite) index set depending on j, and constants 0<5<1, aQ>0,r]>0, and 
Ci,C2 < +00 such that 

(1) For all j G Z, p{{X\[j^^j^ Qi}) = 0. 

(2) If j < f , then either C Q:^, or Q-^ r\Qi, = 0. 

(3) For each {j, a) and each j' < j there is a unique f3 such that Q^a C Q'^i^ . 

(4) For each {j,a), we have diam{Qa) < Ci5K 

(5) Each Qa contains some hall B{za,ao5^). We say that Za is the center of the cube Qa. 

(6) Small boundary condition: 

(2.1) p {{x G Qi : p{x, X\Qi) < t6^}) < CstXQ^) Vj, a, Vt > 0. 
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We point out that this result had aheady been proved by G. David in the case of Ahlfors-regular 
Euchdean sets (see |D1| ). The construction of these open sets by M. Christ is quite abstract, 
and, as such, these sets do not fohow any geometry. It means that they can be rather "ugly" 
sets in practice, in spite of their nice properties. We will call those open sets dyadic cubes of the 
space of homogeneous type X. For a cube Q = Qa, j is called the generation of Q, and we set 
1{Q) = By (4) and (5), 1{Q) is comparable to the diameter of Q, and we call it, in analogy 
with M", the length of Q. Whenever Q^ot^ C Q^, we will say that Q^ct"^ is a child of Q^, and 

the parent of Qi^^. It is easy to check that each dyadic cube has a number of children uniformly 
bounded. A neighbor of Q is any dyadic cube Q' of the same generation with p{Q,Q') < 1{Q)- 
The notation Q will denote the union of Q and all its neighbors. It is clear that Q and Q have 
comparable measures. It is also easy to check that a cube Q has a number of neighbors that is 
uniformly bounded. 



Our first result is a Hardy type inequality in the dyadic setting, analogous to the Euclidean 
one, valid in general spaces of homogeneous type. 

Proposition 2.3. Let {X,p,fi) be a space of homogeneous type. Let Q,Q' be two disjoint dyadic 
cubes in X . Let 1 < < +oo, with dual exponent v' . There exists C < +oo such that for every 
function f supported on Q, f ^ L'^{Q), and every function g supported on Q' , g ^ L'^ (Q')> '^^ 
have 

(2.2) / / ^^^^M^d/i(x)d/i(y)<C||/||.||5||.'. 

The constant C only depends on Co and v. 

This is Lemma 2.4 of [AR], where it has already been proved. However, for the sake of a better 
understanding of what follows, we will recall the proof in Section 3, which includes some minor 
corrections and adjustments to the one present in lARj. Let us remark that this result is crucial 
to the estimation of some of the matrix coefficients appearing in the argument to prove the local 
T(6) theorem central to that paper. 



With the motivation to state, for practical reasons, a local T(6) theorem with hypotheses on 
balls rather than cubes in [AR , we also wanted to know if we could get a similar result outside 



of the dyadic setting. Let us precise what we mean with the following definition. 

Definition 2.4. Hardy property. 

Let {X,p,fj,) be a space of homogeneous type. We say that X has the Hardy property (HP) if 
for every 1 < z/ < +oo, with dual exponent u', there exists C < +oo such that for every ball B 
in X, with 2B denoting the concentric ball with double radius, and all functions / supported on 
/ G L^'iB), g supported on 2B\B, g G L""' {2B\B), we have 

(H) / / ^^^fM^dMy)dM^)<c||/||.||<7L'. 

JbJ2B\b A(x,y) 



Again, this is Definition 3.4 of |AR| . One could have equivalently replaced 2B by cB for fixed 
c > 1 in ([H]). This property is not always valid, as we will show in Section 7. The difficulty 
owes to the fact that balls obviously do not satisfy in general the nice properties satisfied by 
the dyadic cubes, and particularly the property of small boundary (|2.ip . We thus looked for 
conditions on the way points are distributed in the space of homogeneous type ensuring that the 
Hardy property would be satisfied. Our main result is the following: 
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Theorem 2.5. Let (X,p,fj,) be a space of homogeneous type. We have the following diagram of 
implications in X: 




(M)^^ (IRADI) ^^ (IRLDI) =^ (HP) 



A few comments are in order. 

(1) Theorem 12 ■ 5 1 sums up our study of sufficient conditions for the Hardy property (HP), and 
of the relationships between these conditions. This work was initiated in [ARj . where 
some of the imphcations in the above diagram have already been proved. Every property 
except (HP) is related to the geometry and the distribution of points in the homogeneous 
space. (IM]1 is a purely metric property, while the others are geometric conditions both 
metric and measure related. 

(2) The properties (ILDI) . (IRLD]1 . (IADI) and (IRAPp . aheady introduced in [AR], will be 
recalled in Section 5, but here we slightly modify (IRLDj) and (IRADj) . which does not 
affect the statements already proved in [ AR| . Next, the properties (HB) and (iM]l will 
be defined and studied in Section 6. Section 7 will be devoted to the presentation of a 
counterexample for some of the false implications in Theorem 12.51 while we will give in 
Section 8 examples of spaces not satisfying (HP) and complete the proof of the theorem. 

(3) Observe that, conversely, we do not know necessary conditions for the Hardy property 
(HP). In particular, does (HP) imply that for every ball B of the homogeneous space, 
IJl{B\B) = ? We think that the answer should be positive, but we have been unable to 
prove it. Similarly, does (HP) imply (jRLPp ? We think this has to be false, but we have 
not come up with a counterexample yet. 



Our last result deals with a natural question regarding these Hardy type inequalities, inspired 
from the Calderon-Zygmund theory. The question is the following: in a general space of homo- 
geneous type, is it possible to deduce the Hardy property (HP) from the Hardy type inequality 
(jH|) for a particular couple {p,p')"! We have proved that the answer is positive, provided some 
additional hypothesis is assumed on the homogeneous space, as shown by the following result. 



Proposition 2.6. Let {X,p,fi) be a space of homogeneous type. Assume that for every ball 
B G X , fj,{B\B) = 0. Then, if X satisfies the Hardy type inequality ([H]) for one particular 
couple of exponents {p,p'), X has the Hardy property (HP). 

We defer the proof to Section 4. Remark that the assumption made on the homogeneous space 
is in particular satisfied if X satisfies the layer decay property (jLPp . see Section 5. 
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3. Proof of Proposition 12.31 



M^(/)(x)=sup / |/(y)|d/u(y). 



Proof. Let / be the integral in (12. 2p . For a locally integrable function /, we will denote by 
M^(/) the centered maximal function 

1 

Recall that by the Hardy-Littlewood maximal theorem, is of strong type {p,p) for any 
1 < p < +00, and of weak type (1, 1). We refer for example to ^Sj for further details. We prove 
that for all 1 < r, s < oo, we have 

(3.1) / < {{M,{\fY)f/^ ,\g\) + (l/l, {M,{\gY)f'^) , 

and the Hardy-Littlewood maximal theorem then gives the desired result, choosing 1 < r < v 
and \ < s < v' . Remark that this inequality was not known even in the Euclidean setting. 
Without loss of generality, we can assume f,g>0. We have 

1= [ / -fM^d/.(2/)d^(x) + / f{y) [ ^M^d/.(x)d^(y) 

p(x,Q)>0 p(y,Q')<p(x.Q) ^ '^^ p(y,Q')>0 p(y,Q')>p(x,Q) ^ '^^ 

Indeed, fi {{x £ Q' \ p{x, Q) = 0}) = fi {{y € Q \ p{y, Q') = 0}) = 0, because of (12. 1^ : we have for 
example 

{x€Q'\ pix, Q) = 0} C f]{x £Q'\ pix, Q") < 2-^''}, 

and all those sets have their measure bounded by p{Q')2~^^ — > 0. By symmetry, it is 

enough to estimate the first integral for example, which we call Ii. For x (z Q' , let = 
{y (z Q\ p{y, Q^) < p{x, Q)}. For a fixed x in Q', we prove that for all 1 < r < oo, 

Jy&Ex ^yx, y) 

and (I3.ip will follow. Consider the dyadic subcubes Qa of Q, which are maximal for the relation 
KQa) ^ p{Qa:X). Call them (^[^.(x), where I denotes their generation. They realize what we call a 
Whitney partition of the cube Q, as for ^-almost every y £ Q, there exists a sufficiently small cube 
Qy containing y such that l{Qy) < p{x,Q) < p{x,Qy), and Qy is then included in one of those 
maximal Q''^{x). The case where there is a unique cube = Q means that 1{Q) < p{x,Q). 

Let n G N be such that 2"/(Q) < p{x,Q) < 2''+^l{Q). Then X{x,y) > 2"^(Q))) while 

Q C B[x, (Ci + 2"'^^)/((5)) for the dimensional constant Ci of Lemma l2.2l Hence, by the doubling 
property, 

1 



^i(^) ^ onun^^^ / \fiy)\My) < M,f{x). 

The second case is when Q is not a maximal cube. By maximality, if Q^p^ C Q is the unique 
parent of a Q^^{x), then we have p{x,Q^p^) < liQ^^"^), and thus p{x,Q^^{x)) < p{x,Q^p^) + 
KQ^p^) ^ KQ^p^) — ^~^KQaix))- Note that this implies that for every / such that there exists 
a maximal cube Q^^{x), we have p{x,Q) < p{x,Q^^{x)) < with implicit constant independent 
of X and /. For a fixed / as above, let 

C'{x) = \J Qi{x). 



^We thank J.M. Martell for the suggestion of using Whitney coverings that led to an improvement of our 
earlier argument. 
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Observe that if y G QUx)r\E^, then p{y, {QUx)Y) < p{y,Q^) < p{x,Q)- Thus, ^{Q^^{x)r^E^) < 
^^^''^^ ' |u((5a(x)) by the small boundary property (j2.ip of Christ's dyadic cubes. Summing 



over the cubes in C\x), we have 

the last inequality being a consequence of doubling and the fact that each of the cubes (^^(a;) in 
C'(x) is of length 5' and at a distance comparable to 6^ from x, so that C\x) C B{x,C8^) for 
some C independent of / and x. Now, write 



< M^(i/r)(x)iAX 



J- \fJ-{B{x,6^)) Jb{x,cs') J V fJ'{B{x,5^)) 

V 

p{x,Q)\'^ 



where the last inequality is obtained by applying the Holder inequality with r > 1. Now, observe 
that every integer I intervening in the above sum is such that p{x, Q) ^5'. Summing over such 
integers provides us with a geometric sum, uniformly bounded with respect to x. Hence, 

ii{x)<AM\fn{xy/^. 

This concludes our proof. □ 



4. Proof of Proposition 12.61 



Proof. Fix a ball B = B{zB,r) C X. We assume that ([H]) holds for the couple {p,p'). By 
Fubini's theorem, this implies that one can define T : U'{B) U'{2B\B) by the absolutely 
convergent integral 

f f(x) 

(Tf)(y) = / — -dp(x) for almost every y€2B\B. 

Jb A(a;,y) 

We will proceed in three steps. 

(1) The first step in the argument consists in regularizing the kernel X{x,y)~^: we show that we 
can freely assume it satisfies a Lipschitz regularity estimat^. To do this, let ip he a, function of 
the real variable such that (p G C"'^([0, +oo[), 9? > 0, supp99 C [1,4] and J^'^ ip^t)^ = 1- For 
r > 0, set A(y,r) = p{B{y,r)). Set 

Jo ^(^''"^'^i r )V' 



'We thank T. Hytonen for this idea which nicely improved our earlier result. 
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First, observe that \{x,y) is comparable to X{x,y), uniformly in x,?/ € X. Indeed, by an easy 
change of variable, write 

\{x,y)= A y, 99 n — . 

Jo V ^ / u 

Because of the support conditions and size estimate of it comes 

Kv^ \pi^^ y)) ^ ^(^' y) ^ Ky^ p{x, y))- 

By the doubling property, it follows that, uniformly in 2;,y G X, we have 
(4.1) X{x,y) 7z X{x,y). 

Then we say that satisfies a Lipschitz regularity estimate in the first variable. Indeed, fix 
x,x',y € X such that p{x,x') < p{x,y)/2 and p{x,y) > 0. Because of the support conditions 
and regularity of 99, we have 



\X{x,y) - X{x',y)\ < / X{y,r) 



p{x,y) 



p{x',y) 



dr 
r 



< 



< 



< 



A(y,r; 



\pix,y) - p{x',y)\ dr 



re[lp{x,y),p{x,y)]U[jp{x' ,y),p{x' ,y)] ^ 

f dr 

p{x,x')X{x,y) I -J + p{x,x')X{x',y) 



lp{x,y)<r<p{x,y) 



dr 



\p{x' ,y)<r<p{x' ,y) 



' ,,-1 r" 



p{x, X 



/N ( K^^y) , A(x',y) 



+ 



p{x,y) p{x',y) 



But since p{x,x') < p{x,y)/2, we have p{x,y) ~ p{x',y) and X{x,y) ^ X{x',y), uniformly in 
x,x',y. It follows that 

(4.2) \X{x,y)-' -X{x\y)-'\ = "^(^^'^^l < ^^"'"^^ ' 



A(x,y)A(x',y) ~ Pl^^,?/) A(x,y)' 
because A(x,y) ~ X{x',y) ~ X{x,y). 

But because of (j4.ip . one can define an operator T : LP{B) U'[2B\B) by the absolutely 
convergent integral 

{Tf){y)= 1 ^ dp{x) for almost every y£2B\B, 
Jb X{x,y) 

and, for every 1 < < +00, the boundedness of T : L^{B) L^{2B\B) is equivalent to 
the boundedness of T : L'^{B) L^[2B\B). Obviously, by symmetry, we can apply the same 
argument with respect to the second variable. It shows that we can freely assume the kernel 
A(x,y)~^ to satisfy the Lipschitz regularity estimate (|4.2p in both variables, which we will do 
in the following, forgetting this operator T. Observe however that, under this assumption, we 
can no longer use the fact that X{x,y) = p{B {x , p{x , y))) , only that these two quantities are 
comparable. 

(2) The second step in the argument now consists in applying a standard C alder on- Zygmund 
decomposition. We show that T is of weak type (1, 1) : we prove that for ah / G L^iB), with 
supp f C B 

p{{xe2B\B\\Tf{x)\>a})<^\\fh-.^s)- 
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The idea is to write a C alder on- Zygmund decomposition oi f on X. However, we have to be 
a bit careful, because if we write the standard decomposition f = g + X^jg/ bi directly on the 
ball g will not be supported inside B. To avoid this problem, let us use a Whitney partition 
of the ball i?, as in Section 3: consider the dyadic cubes Q C B which are maximal for the 
relation 1{Q) < p{Q,B'^). Call them Qj, j € J. They are mutually disjoint and they realize a 
partition of the ball B but for a set of measure zero. Now, for / G L^{B), with supp/ C B, 
we have / = /1q^ fJ-a. e. Set fj = flq^, and for every fixed j, write a C alder on- Zygmund 
decomposition of fj on Qj: fj = gj + Yliei with 

• gj = iQc^fj where ^j^a = {2; S Qj \ \fj{x)\ > a}, fj denoting the dyadic maxi- 
mal function of fj on Qj. Thus supp^fj C Qj, gj E ||9j||oo ^ ct, and \\gj\\p < 

• suppftjj C Qij where the sets Qij are dyadic subcubes of Qj of center zq. ., realizing 
in turn a Whitney partition of the open set i^j^a '■ Uj Qij) = 0, Qij are mu- 
tually disjoint, and there exists a dimensional constant C > Ci such that for every i, 
B{zQ^^,Cl{Qij)) n ^ 0. In addition, we have [|6ij|]Q,j < a and [bijjQ^ .^ = 0. 

• ll/jlli = Ei ll^ijlli + llffjlli- 

Now, set g = Yljdj- Observe that we have supp 5 C B, and f = g + Yli j ^ij- ^PPlyi^ig dHl) for 
the couple {p,p'), and the disjointness of the dyadic cubes Qj, we have 



, . .. „ .. .. .iLi(B)- 



G 2i3\B I \Tg{x)\ > a/2}) < / iT^IM/i < ^ / b^d/i 
Also, 

M{x G 2i?\i? I |r(J^6,,,)(x)|>Q/2})<MUQi)+/^((U^)'n{^ ^ ^El^^M 



Since hij is of mean on Qij, and because the kernel X{x,y)~^ satisfies the Holder standard 
estimate, we can apply the standard C alder on- Zygmund estimates to obtain 

r6ij|d/i< / / \hi^j{x)\\\{zQ^^^,yy^ - \{x,yy^\d^i{x)d^i{y) 

Qi,j Q'i'J '^Qi,3 

1 ( HQij] 



<||6,,,||i^2-'=<aMQ. 



'1,3 

k>0 
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Finally, we have 

g 2b\b I \T{Y;^hj){x)\ > a/2}) <Y.^i{Q^,) <Y^Kn,,a) < E^ii/^'Hi = ^H^H^Hb)- 

Thus, we get as expected 

^i{{x G 2B\B I |T/(x)j > a}) < -yh^B)- 

By interpolation, it follows that we have Tf E L'^{2B\B) for every 1 < q < p and / G L'^{B), 
with supp f C B. 

(3) The last part of our argument consists in applying some duality argument to conclude. 
pT|l for the couple {p,p') implies that the adjoint operator T* is bounded from L^' (2B\B) to 
LP {B). We show again that T* is of weak type (1, 1): we prove that for all / G L^{2B\B), with 
supp / C 2B\B, 

G i3 I |r7(x)| > a}) < hf\\LH2B\B)- 

The idea is to use as before a Whitney partition of the open set B'^: consider the dyadic cubes 
Qj C B that are maximal for the relation 1{Q) < p{Q,B). They partition B but for a set 
of measure 0. Of course, there are some of these Qj that intersect {2By. To overcome this 
problem, let us keep only the cubes Qj,j G J, intersecting the set cB\B, with 1 < c < ^^^^ . 
These cubes satisfy, for every j G J, l{Qj) < p{Qj,B) < (c — l)r. Because of property (4) of 
Christ's dyadic cubes (Lemma 12. 2p . it implies that for every x G Qj, p{x, zb) < cr + diamQj < 
cr + Ci(c - l)r < 2r, so that C 2B\B. Now, for / G L^{2B\B), with supp / C 2B\B, write 

Remark that this is where we use the assumption p{B\B) = 0, and it is the only time that we 
use it in our proof. Apply the same argument as in step (2) to fj, for every j G J, to get 



p{{xeB\\T*i^f,)ix)\>a/2})<^ 



.\L^2B\B)- 



For the remaining term r, observe that since y^2B\B)\ Uj^j Qjj C {cBY, suppr C {cBY, and 
we trivially have T*r G L^{B). Indeed, by the doubling property, we have 

[ \T*r\dp < f [ p^My)dKx) < ||r|| /ff/^'"\\ < 
Jb Jb JicB)- Kx,y) p[B{x,cr)) ^ \ > 

Hence, 

p{{x G B I \T*t{x)\ > a}) < hf\\LH2B\B), 

and T* is of weak type (1, 1). By interpolation, it follows that T*f G L^{B) for every 1 < q < p' 
and / G L'^{2B\B), with supp / C 2B\B. By duality, the Hardy property (HP) is satisfied on 
X. □ 



Remark 4.1. Observe that the first step in our argument does not directly extend to the quasi- 
metric setting. However, R. Macias and S. Segovia [MSj proved that if is a quasi-distance on 
X, there exists another quasi-distance p' equivalent to p (in the sense that p(x, y) tz, p'{x, y) for 
every x,y G X) which is Holder regular. See also [PS] for an elegant proof of this result. To 
adapt our proof, one only has to define the new kernel A of the first step of the argument with this 
quasi-metric p' instead of p. The estimate (|4.2p is then replaced by a Holder regularity estimate. 
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where the p'{x,x'), p'{x,y) that appear can be replaced by p{x,x'), p{x,y) because p p'. For 
the next steps in the argument, one again assumes the kernel to satisfy the Holder regularity 
estimate obtained and works as in the metric setting with the quasi-metric p, forgetting p' . Note 
that the existence of Christ's dyadic cubes given by Lemma [2.21 remains valid in the quasi-metric 
setting (see |Cj), allowing us to do the same kind of Whitney coverings. 



5. Sufficient conditions for the Hardy property 

5.1. Layer decay properties (ILPp . (IRLDh . It is not clear when ([H]) is true in a space of 
homogeneous type for a given ball B. In fact, it is false in general, as will be illustrated by some 
counterexamples in the following sections. It obviously depends on how the sets B and B'^ see 
each other in X. By analogy with Christ's dyadic cubes, natural objects are the outer and inner 
layers {x G B\p(x, B^) < e} and {y € B'^\p(y,B) < e}. We shall assume they tend to zero in 
measure as e — > 0, and in a scale invariant way, as expressed by the following definition. 

Definition 5.1. Layer decay and relative layer decay properties. 

Let {X,p,p,) be a space of homogeneous type. For a ball B in X, set i?£ = {x € B\p{x, B'^) < 
e} U {y € B^\p{y, B) < e} the union of the inner and outer layers. 

• We say that X has the layer decay property if there exist constants r] > 0, C < +oo 
such that for every ball B = B{z, r) in X and every e > 0, we have 

(LD) p{B,)<c[^yp{Biz,r)). 

• We say that X has the relative layer decay property if there exist constants rj > 0, 
C < +00 such that for every ball B = B(z,r) in X, every ball B{w,R) with R < 2r, 
and every e > 0, we have 

(RLD) piBenBiw,R)) <c(^^y p{B{w,R)). 

This is Definition 9.1 of |AR| . with a minor modification to the relative layer decay property 
where we have substituted the condition R < 2r to z ^ B{w,R). We think this is a better 
definition, though equivalent, because this property is only relevant for small R (else it says 
nothing), and when R is small enough compared to r, B^ f] B{w, R) ^ then necessarily 
z i B{w,R). 

The layer decay property already appeared in |B1| (with only p {{x € B\p{x, B^) < e}) in the 
left hand side of (ILDj) ). These properties express the fact that the points are distributed in such 
a way in the homogeneous space that they never concentrate too much in the inner and outer 
layers of balls. One can note that while (ILPp is a global condition, a sort of averaging property 
over the whole layer, (IRLPp is a rather local condition. Remark also that (IRLPp implies (ILDj) 
(see [AR|). Because of the opposed local and global nature of (IRLDj) and (ILDj) though, it is 
sensible to think that these properties should not be equivalent. We will prove it in Section 8.2. 

It turns out that the relative layer decay property constitutes a sufficient condition for the 
Hardy property (HP): 

Proposition 5.2. Let {X,p,p) be a space of homogeneous type, and suppose that X has the 
relative layer decay property (jRLPp . Then the Hardy property (HP) is satisfied on X. 
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We refer to |ARj (Proposition 9.2) for the proof of this result. Let us only recall here that the 
argument is actually quite similar to the proof of Proposition 12.31 with adaptations owing to the 
fact one cannot use exact coverings with balls as for dyadic cubes. The modification we made in 
the definition of the relative layer decay property does not change the argument. 

Remarks 5.3. (1) Obviously, if X satisfies the layer decay property (jLPp . then we have 
fj,{B\B) = for every ball B C X. Thus, with Proposition 15.21 and Proposition 12.61 
we have proved that if X satisfies (jRLPp . then X satisfies (HP), and if X satisfies 
only (jLPp . then X satisfies (HP) provided it satisfies the Hardy inequality ([H]) for one 
particular couple of exponents {p,p'). 
(2) Note that if / and g are taken in L^^iX) and L^^iX) with l/z^i + I/1/2 < 1 (which is 
stronger than g G L^^i ) , then if I denotes the integral in ([H]) , the normalised inequality 

^ ll/llL^i(2S\iJ,-^)ll5lli.2(B,_d^) 

is true in any space of homogeneous type only satisfying (jLPp . The proof is in this case 
much easier and we refer to ^ARj for the detail. 



5.2. Annular decay properties ()APp . (jRAPp . Interestingly, another very similar condition 
already appeared in the literature (see for example |MS| . [PJS) . |B2| . [T]). It is the notion of 
annular decay that we recall now. 

Definition 5.4. Annular decay and relative annular decay properties. 

Let {X,p,n) be a space of homogeneous type. For z E X and r > 0, < s < r, set Cr,r-siz) = 
B{z, r)\B{z, r — s). 

• We say that X has the annular decay property if there exist constants ry > and 
C < +00 such that for every z E X, r > 0, < s < r, we have 

(AD) KCr,r-s{z)) < C (^)%(i?(z,r)). 

• We say that X has the relative annular decay property if there exist constants r/ > 
and C < +00 such that for every z £ X, r > 0,0 < s < r, and every ball B{w, R) with 
R <2r, we have 

(RAP) fi{Cr,r-s{z)nB{w,R)) <c(^^y ^,{B{w,R)). 

Once again, this is Pefinition 9.4 of |AR| . with the same minor modification in the definition 
of the relative annular decay property than before. Note that this condition ()APp was made 
an assumption in |PJS| for the first proof of the global Tb theorem in a space of homogeneous 
type. Again, ()APp is a global property while (jRAPp is a local one. Similarly as for layer decay 
properties, we have that (jRAPp implies (|APp . Observe that for a ball B = B{x,r), with x £ X, 
r > 0, we have, if e > 0, 

Be = {y£ Cr,r~e{x) \ p{y,B'') < s} U {y G Cr+2eA^) I Piv^B) < e}. 

It follows that B^ C Cr-\-2e,r~e{x) and thus (IRAPp (respectively ()APp ) implies (jRLPp (respec- 
tively ()LPp ). In particular, (jRAPp is a sufficient condition for the Hardy property (HP) because 
of Proposition 15.21 



DISTRIBUTION OF POINTS AND HARDY TYPE INEQUALITIES IN SPACES OF HOMOGENEOUS TYPE 13 



6. Geometric properties ensuring the relative layer decay property 

6.1. Monotone geodesic property ([M]) . In [B2j, Buckley introduces the notion of chain bah 
spaces and proves that under that condition, a doubhng metric measure space satisfies (lAPp . 
Colding and Minicozzi II aheady had proved that this property was satisfied by doubhng complete 
riemannian manifolds in |CM| . Tessera introduced a notion of monotone geodesic property in 
[TJ, and proved that this property also implies (lAPp (called there the F0llner property for balls) 
in a doubling metric measure space. Lin, Nakai and Yang recently showed in |LNY| that chain 
ball and a slightly stronger scale invariant version of the monotone geodesic are equivalent. It is 
the latter that will interest us. 

Definition 6.1. Let {X,p) be a metric space. We say that X has the monotone geodesic 

property (M) if there exists a constant < C < +oo such that for all n > and all x,y G X 
with p{x, y) > u, there exists a point z X such that 

(M) p{z,y)<Cu and p{z,x) < p{y,x) — u. 

Remark that C must satisfy C > 1. Remark also that iterating this property, one gets that for 
every x,y (z X with y) > u, there exists a sequence of points yo = y, yi, ...,ym = x such that 
for every i € {0, m — 1} 

p{yi+i,yi) < Cu and p{yi+i,x) < p{yi, x) - u. 

Observe that this is a purely metric property. It is obviously satisfied by complete doubling 
Riemannian manifolds. It is also satisfied by any geodesic space or length space (see [BBIJ for 
a definition). It appears that (jM|) not only yields the annular decay property, but also, as was 
proved in |AR| . the stronger relative annular decay property. 

Proposition 6.2. Let {X,p,p,) be a space of homogeneous type, and suppose that X has the 
monotone geodesic property (jMl) . Then X has the relative annular decay property (|RAD[1 . 

We refer again to |AR| (Proposition 9.6) for the proof of this result (our modification on (jRAPp 
has no impact). The argument essentially adapts the one in [T] with more care on localization. 

Remark 6.3. Observe that conversely, neither (HP) nor (IRADj) imply (iM]) . Let us give two 
examples to illustrate this. First consider the space formed by the real line from which an 
arbitrary interval has been withdrawn, equipped with the Euclidean distance and Lebesgue 
measure. This space obviously does not have the monotone geodesic property, as, to put it 
roughly, there is a hole in it. On the other hand, this space clearly satisfies the Hardy property, 
as a consequence of (HP) on the real line, as well as (IRAPp . The second example is a connected 
one: consider the space made of the three edges of an arbitrary triangle in the plane, again 
equipped with the induced Euclidean distance and Lebesgue measure. This space has the Hardy 
property, once again as a straightforward consequence of the fact that the unit circle has it and 
easy change of variables. It easily follows from the fact that one of the angles must be less than 
7r/2 that it does not have the monotone geodesic property: one of the pairs (x, y) with x a vertex 
and y its orthogonal projection on the opposite side cannot meet condition ([M]) . In passing, it 
proves that this property is not stable under bi-Lipschitz mappings (see also [T]). 
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6.2. Homogeneous balls property (HB). Studying in detail the proof of Proposition 12. 3^ one 
realizes that if B and X\B are themselves spaces of homogeneous types with uniform constants, 
then there will be no difficulty to prove that (HP) is satisfied, as one can then adapt the proof 
using Christ's dyadic cubes both on B and X\B. This motivates the following definition. 

Definition 6.4. Let (X,p,fj,) be a space of homogeneous type. Let i? be a ball in X, and 
suppose that B and B^ are themselves spaces of homogeneous type with doubling constant Cb, 
i.e. for all X & B, y G B'^, and all r > 0, we have 

n{Bix,2r)nB) <Cb ^(S(x,r)n5), 2r) n B^) < Cb f,{B {y , r) n B') . 

We say that X has the homogeneous balls property (HB) if this is satisfied by all the balls 
in X and if 

sup Cb < +00. 

Bcx 

Proposition 6.5. Let {X,p,iJ,) be a space of homogeneous type. 

(1) IfX has the homogeneous balls property (HB), then X has the relative layer decay property 
(|RLDll . 

(2) If X has the homogeneous balls property (HB), then X has the Hardy property (HP). 

Proof. (1) IfX has the homogeneous balls property, then every ball in X as well as its complement 
in X can be partitioned into dyadic cubes, with uniform constants (see [CJ). But these cubes 
themselves have the layer decay property, and it is easy to see that this property transposes to 
the balls. Let x€X,r>0, B = B{x,r), w (z X , < R < 2r, and fix e > 0. Let us estimate 
for example the measure of the inner layer = {x £ B : p(x,B'^) < e}. We want to prove 

that there exists rj' > such that //(C^ fl B(w,R))) < ('§)'' l^{B{w, R)). As B constitutes by 
itself a space of homogeneous type with uniform doubling constant, there exists at every scale 
a partitioning of B into Christ's dyadic cubes (with uniform constants for these cubes). The 
idea is to pave B by dyadic cubes of a well chosen generation. Let N,m,l € Z be such that 
^iv+i < r < (5^, ^^+'"+1 < e < 5^+™, and < R< 5^+'. We can assume that e < R, 

since otherwise the result is trivial, which means m > I. We look at the cubes of generation 
j = N + [^^^Y^] > N because R <2r (otherwise there would be no such cubes): for all y G C^, 
there exists a unique p such that y G Q^, and p{y, (Q^/^Y) < p{y, B"") < e < ,5™+^. By the smaU 
boundary property (|2.ip of Christ's dyadic cubes, one gets that for all /3 

^(a n Q^p) < i^-^j p{Q^^) < (-) p{Q'^). 

On the other hand, if n fl B{w, R) 7^ and if y G n n B{w, R), x € Q^, then, using 
the fact that since m > I, 6^ < 5"^' < R, we have 

p{x, w) < p{x, y) + p{y, w) < Ci6^ + R< CR 
for a dimensional constant C > 0, and then C B{w, CR). Finally, we get 

p{CeriB{w,R))= ii{C,r\Q'pr\B{w,R)) 

fi:Cer\Q^0r\B(w,R)^0 

£ E (|)'"%«?J) 

/3:CenQ^gnB{»i),R)^0 

- {^''\iB{w,CR)) < [^y\{B{w,R)), 
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where the last Hne is obtained using the disjointness of the cubes and then the doubhng 
property. We can do the same for the outer layer as B'^ also constitutes a space of homogeneous 
type. It proves (jRLPp . 

(2) It is a direct consequence of (1) and Proposition 15.21 But it can also be proved directly 
slightly adapting the proof of Proposition 12.31 Indeed, observe that the homogeneous balls 
property allows to use exact coverings of B and X\B by Christ's dyadic cubes as above, and 
then everything works out as in the dyadic setting, taking care of those "large" cubes which are 
not contained in 2B\B in a simple manner (see Section 4). □ 

It is easy to see that a space of homogeneous type does not satisfy the homogeneous balls 
property (HB) in general. Let us give a counterexample. 

Example 6.6. Consider the real line, from which one has withdrawn the interval =]1 — e, 1 — 
e^[, with e a fixed small constant. Consider the ball in this set of center 1/2 and of radius 1/2. 
It is easy to see that it has, as a space of homogeneous type, a doubling constant of at least 1/e: 
inside this ball, consider the ball of center 1 — and radius e — e"^, and its concentric double. 
Now, set 

and consider the space X = R\U„>i/„^e, equipped with the Euclidean distance and the Lebesgue 
measure. It is clear that X does not satisfy the homogeneous balls property since the doubling 
constants explode. Neither does X satisfy the monotone geodesic property (IMl) as, to put it 
roughly, it has holes in it. However, observe that X satisfies both (IRLDj) and (HP). As a matter 
of fact, proving (HP) on X is exactly the same as proving it for the real line, and this is trivial 
(it is the same for (IRLPP ). In particular, this example shows that neither the monotone geodesic 
property nor the homogeneous balls property are necessary conditions for (HP). 

Remark 6.7. We have given two sufficient conditions for (IRLPp . one which is purely metric, the 
monotone geodesic property, while the other is rather a measure property. Let us examine how 
these two properties are connected. It is clear that (HB) does not imply (IMl) . as is shown by the 
trivial example of the real line from which an arbitrary interval has been withdrawn. Now, if we 
suppose that X satisfies ([M]) . we have a partial result regarding the homogeneous balls property. 
As a matter of fact, let B = B(x, tq), and y € B. We prove that for all r > 0, 

^,{B{y,2r)nB)<fi{B{y,r)nB). 

First, if r > 2ro, then B C B{y,r) C B{y,2r) and B{y,2r) (iB = B{y,r) D B = B. Then, if 
r < 2ro and p{x,y) < rQ/2, we have B{y,r/4) d {B f] B{y,r)) and by the doubling property, 
lJ,{B(y,2r)) < /x(i?(y, r/4)) < fj,(B{y,r) CiB). It only remains to study the case r < 2ro and 
ro/2 < p{x,y) < tq. Let a < m.m{j^, ^), and /3 < a/2. We have p{x,y) > ro/2 > ra/2 and by 
(jM|) . there exists a point z in X such that 

p{y,z)<Cr^ and p{x, z) < p{y,x) - r^. 

Consider the ball B{z,(3r). If w G B(z,f3r), then 

(X 

p{w, x) < p{w, z) + p{z, x) < fir + p{y, x) - r— < r^. 
Thus B{z,f3r) C B. Furthermore, 

p{w, y) < p{w, z) + p{z, y) < Pr + Cr- < r, 
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since a < Thus B{z,f3r) C B{y,r). Finally, 

fi{B{y, 2r) n B) < i^{B{y, r)) < fiiB{z, 2r)) < fi{B{z, /3r)) < fi{B{y, r)nB). 

This means that every ball in X is itself a space of homogeneous type, with uniform constant. 
However, we cannot obtain the same result for the complement of balls, and (HB) cannot be 
inferred. 

With the results of these first sections, we have already proved a part of Theorem 12.51 we 
have proved the following 



(M)^^ (iRADl) 



(HB) 



(IRLDI) 




(HP) 



(|AD)1 =^ (iLDll 

In particular, all positive implications are proved and we look now for the negative ones. 



7. An example in the complex plane: the curve of Tessera 



To further understand these properties of the homogeneous space, we will consider in this 
section a curve introduced by Tessera in [T]. This curve is given by a stairway- like construction 
in the complex plane, starting from 0, and containing for every k G N a half-circle of center 
and radius 2^. More precisely, consider in the complex plane the parametric curve j{t) defined 
for t >0, and constructed as follows with |7'(t)| = 1 for every t > : 

• 7(0) = 0. 

• {lit) I < t < ii} is the segment [0, 1]. 

• {7(^) I ^1 ^ ^ ^ ^2} is the half-circle of center and radius 1 in the half-plan {Sz > 0}. 

• By induction, for k > 1, {7(t) \ t2k ^ t < t2k+i} is the segment [2^~^,2^], and {'y{t) \ 
^2fc+i ^ t < t2k+2} is the half-circle of center and radius 2^ in the half-plan {Qz > 0} 
if k is even, in the half-plan {Qz <0} if k is odd. 

Set to = 0. An easy computation shows that we have for all A; > 1, 

i2fc = 1 + vr + (1 + 2^)(2'=-i - 1) = -vr + (1 + 27r)2'=-\ 
t2k+i = 1 + TT + (1 + 27r)(2'=-i - 1) + 2^=-! = -TT + (2 + 27r)2'=-i. 



Set Xt = {jit) \ t > 0}, equipped with the Euclidean distance d in C and the Hausdorff length 
A. See Figure [2] for a representation of Xt- For x,y Xt, denote by (x,y) the arc in Xt 
between x and y. For z G Xt, and r > 0, we denote by B{z,r) the open ball of center z and 
radius r in Xt '■ B{z,r) = {x G Xt \ \z — x\ < r}. We recall that a bounded set C C is said 
to be Ahlfors-David regular (of dimension 1) when there exists a constant < C < -|-oo such 
that for every z G C and < r < 1, < A{E n B{x, r)) < Cr (see [D2]). 

Proposition 7.1. (1) (Ay, d, A) is an Ahlfors-David set of dimension 1, and thus (Ay, d, A) 
can be seen as a space of homogeneous type. 
(2) Xt does not satisfy the annular decay property (jAPp (nor the relative annular decay 
property (jRAPp ). 
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(3) Xt does not satisfy the homogeneous halls property (HB), nor the monotone geodesic 
property ([M]) . 

(4) Xt satisfies the relative layer decay property (|RLDp . 

(5) Xt satisfies the Hardy property (HP). 

Proof. (1) Let us first make a preHminary observation: as |7'(t)| = 1 for every t > 0, we have 
A((7(a), 7(/?))) = |a — But there exists a dimensional constant 1 < Cad < +oo such that 
for all a, /3 > 

(7.1) -^-d(7(a),7(/3)) < A((7(a),7(/3))) <C^z,d(7(a),7(/3)). 

The left inequality is trivial. For the right inequality, let n, m € N such that tn < a < tn+i, 
tm ^ /3 < tm+i- If n = m, then 7(a) and 7(/3) are either on the same half-circle, or on the same 
segment, and the result is clear. Assume that \n — m\ = 1, then one of these two points is on a 
segment, and the other on a connected half-circle. Suppose for example that t2k ^ ct < t2fe+i and 
^2fe+i ^ /3 < t2k+2 ) so that 7(a) is on the segment [2^^"^, 2^] and 7(/3) on a half-circle of center 
and radius 2^. Let u = 7(^2^+1) = 2*^. Set a = d{'y{a),uj), c = d(7(/3), w) and b = d(7(a), 7(/3)). 
Applying elementary triangle geometry (see Figure [T]), and the fact that a < b, c < a + b < 2b, 
write 

A((7(a),7(/3)))' < (a + c)2 <62 = d(7(a),7(/3))^ 




Figure 1. Xt is an Ahlfors-David set of dimension 1. 



Finally, if |n — m| > 2, assume that for example n > m, then d{'y (a), j{f3)) > |7(a)| — |7(/3)| > 
2t-i _ 2f . On the other hand, A((7(a), 7(^5))) = a - f3 < t^+i - tm < 2"/^ _ 2"^/2. The 
result follows. Now, let us check that {XT,d,A) is Ahlfors-David. Let x G Xt, r > 0, and 
set B = B[x,r). As Xt is connected and not bounded, the connected component of x in B, 
denoted by C{x), is at distance zero from the complement of B. Thus, there exists y € C{x) such 
that d{x,y) > r/2. But then, by ([TT]), we have A{B) > A{ix,y)) > C;^^d(x,y) > C^^ (r/2). 
Moreover, set to = inf{t > | ^{t) & B} > and ti = sup{t > | 7(t) e B} < +oo because Xt 
is unbounded. Then A{B) < A((7(to), 7(ii))) < CADd(7(to), 7(^1)) < C'ad 2r. This proves that 
{XT,d,A) is an Ahlfors-David set of dimension 1. 
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(2) As a consequence of (1), observe that for any k > 1, A(i3(0,2^)) ~ 2^. However, for every 
e > 0, we have 

A(S(0, 2^ + e)\B{0, 2'')) > tt2^. 

If Xt had the annular decay property, the measure of this set would be going to with e. We 
thus have a contradiction. Hence, Xt cannot satisfy (jAPp . nor (jRAPp . 

(3) It is obvious that X^ does not satisfy the monotone geodesic property (pick any two points 
on different half circles in Xt)- For the homogeneous balls property, fix e > and consider 
the ball in Xt of center x = (0, 4) and radius r = 3 + e. Let y = (0, 1) and p = 3. The set 
B{x,r) n B{y,p) has only one connected component, containing y, and its length is comparable 
to e. On the other hand, the set B{x, r) fl B[y, 2p) has two connected components, one of which 
containing x and of length comparable to 1. Thus, the doubling constant of the ball B(x,r) seen 
as a space of homogeneous type exceeds C/e. It follows that Xt cannot satisfy (HB), as the 
doubling constants of the balls cannot be uniform. 

(4) Let < a < 1 and let ci > be such that Vt < ci, t^'"\lnt\ < 1. We first prove that 
Xt satisfies the layer decay property (ILPp . Fix z G XT,r > 0, < e < r, set B = B{z,r). Set 
as before i?^ = {x € B\d{x, B^) < e} U {y € B'^\d{y,B) < e} the union of the inner and outer 
layers. Let 9 = e/r. We show that there exists a dimensional constant C < +oo such that 

(7.2) A{B,) < Ce^AiB). 
Observe that if ci < < 1, the result is trivial: 

A{B,) < A{B) < (^1) rA(i?). 

So assume now that 6 < ci. Observe that the points in are elements of Xt at distance less 
or equal to e from B\B, where B is the adherence of B in Xt- 7(t) G B\B if 7(t) G B'^ and 
either for every s > small enough 7(t + s) € B or for every s > small enough ^{t — s) G -B. If 
r < 1, remark that B and B^ are connected sets, so that there are less than two points in B\B. 
But since Xt is Alilfors-Pavid, we get A(i?£) < 2e, and also A{B) ~ 1. (|7.2p follows. 
We suppose now r > 1. Assume first that ^ B, that is \z\ > r. Penote by Ci, respectively Cj, 
0<i<p, 0<j<p+l, the different connected components of B, respectively B'^, starting 
from the one closest to the origin. Because of (17. ip . it is easy to see that each d, Cj will roughly 
contribute to £ towards A{Bi;). More precisely, set Bl = B^ D {Ci U C'^) for < i < p, and 
Bf"^^ =Bsn C^+i. Then, it follows from ([71]) that we have for every < i < p + 1, 

(7.3) A{Bi)<ACADe<e. 

Now, the idea is to estimate the number of components Ci, and to take care of the fact that some 
of them can contribute to A(Se) for less than e, as their length can be less than that if r and e 
are large enough. It is easy to see that p can be roughly bounded by Inr. Indeed, let fcg > be 
such that 2'=o < dist(Co,0) < 2''o+^ (remember that we have assumed \z\ > r), and observe (see 
Figure [2]) that we have, for < i < p - 1, d{Ci,Ci+i) > 2''°+'^' > 2^\ Consequently, we must 
have 

p-i 

^ 2^* < 2r ^ 4P < r ^ p < Inr. 

1=0 

On the other hand, observe that for every < i < p, (CiU C^) C B{0,2''''+^'+^). Since Xt is 
Ahlfors-Pavid, it follows that 

(7.4) A{Ci U CD < 2^'o+2i+2 < 4^0+*. 
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Applying (H^]), we get A(S*) < min(e, Finally, we obtain 

P+i 

A{B,) = A{Bi) < Yj 4'"'^* + ^ Card{0 <i<p+l\e< 4^=0+'}. 

i=0 j>0:4'=0+><e 

But Card{0 <i <p + l\ e < 4^="+*} < Card{0 <i<p + l\ £ < 4*}. Remark that if 4* > e, then 
i > • The cardinal intervening in the second term is thus bounded by C(ln r — In e) where C 
is an absolute constant. Consequently, we have 

A{B,)<e + e\n(-)<eil-lne)<e''r, 



because e{l - ln6')6l-"r-i = 6*1-" - 6'i""ln6' < 2 as 6* < ci. But since Xt is Ahlfors-David, we 
have A{B) ~ r and ([7^ foUows. 

It remains to consider the case when € -B. But the same argument still works, only the 
notations have to be slightly modified because, this time, the origin belongs to the connected 
component Cq of B. Thus, there is in this case the same number of components Cj and C^', and 
it is the distance d(CQ, 0) that plays a role in the argument instead of d(Co, 0). Apart from this, 
the argument is mostly unchanged, so we do not elaborate on it here. 

It remains to prove (IRLPp . Let B = B{z,r) be a ball in Xt as before. Let < i? < 2r, 
w G Xj^. We prove that 

(7.5) A{B, n B{w, R)) < [^yA{B{w, R)), 

Once again, when e/R > ci, the result is trivial, so we can assume that e/R < ci. Now, observe 
that we can apply exactly the same argument as above. The only difference is that instead of 
estimating the total number p of connected components Ci of B, we now have to estimate the 
number of these connected components that intersect B{w,R). But by the same argument as 
before, this number is bounded by (Inii) as soon as ii > 1 (and the result is trivial when R < 1). 
Going through with the argument, this provides the bound 

AiB,nBiw,R)) < (^Yr. 



.R, 

But since Xt is Ahlfors-David, we have A{B{w,R)) tz R and (|7.5p follows. 

(5) Applying Proposition 15. 2[ (5) is a direct consequence of (4), but to better understand this 
example, we will give a direct proof here. Fix z G Xt, r > 0, 1 < u < +00, set B = B{z,r), 
and let / G L^^B), f supported on B, g e L""' {2B\B), g supported on 2B\B. Remark that 
because of Proposition 12. 6| we could limit ourselves to the case when v = v' = 2, but we 
will keep on working with undefined exponents to show that they do not play any part in our 
argument and that the latter does not rely on any specific geometry brought by L?' integrability. 
Assume as before that for example ^ B, the argument is unchanged when G only the 
notations have to be adapted. We adopt the same notations as in (4): denote by Ci, respectively 
Cj, 0<i<p, 0<j<p+l, the different connected components of B, respectively B'^, 
starting from the one closest to the origin. Set l2i = {t > \ 7(t) G Ci_i} for 1 < i < p + 1, 
I^j^i = {t > I 7(t) G Cj n {2B\B)} for < i < p + 1. We want to estimate the foUowing 
quantity 

^(f^9)=[ [ T7#¥^dA(x)dA(y). 
Jb J2B\b MB{x,d{x,y))) 

As Xt is Ahlfors-David, and applying (j7.ip . we have 

(7.6) Hif,g)^[[ §^dA(.)dA(,) . t t / / /M^ll^dtd., 
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Figure 2. Layer decay property (jLPp in the space . 

because \'y'{t)\ = 1 for every t > 0. Set f = fo^,g = go^, / € L^, supported on IJf=i 
g G L^' , supported on Ujio-^2j+i, with \\f\\u = \\g\\u' = \\g\\u'- Let again /cq > be such 

that 2^0 < dist(Co,0) < 2^0+^ (remember that we have assumed \z\ > r). Because of the fact 
that j7'(t)I = 1 for every t > 0, observe that we have, by (j7.4p . for every 1 < i < p+ 1, < j < p, 

\l2i\ = A(Q_i) < A(C,_i U C;_i) < 2''H\ |/2i+i| < A{C'j) < A{Cj U C'^) < 2^H\ 
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For j =p+l, remark that as for < i < p, Q C B{0, 2^=0+2^+2)^ i^^^^ q ^ ^(^0, 2^=0+2^+2). It 
follows that 25 C 5(0, 3x2*^0+2^+2). As a matter of fact, if d(z, x) < 2r, then |a;| <d{x,z) + \z\ < 
2r+\z\ < 3\z\ < 3 X 2'^o+2p+2^ because we have assumed \z\ > r. Thus, since is Ahlfors-David, 
it follows that 

|/2p+3| < A{2B\B) < A(5(0,3 X 2^0+2^+2)) < 2^=0 4^. 
Finally, it is easy to see that if j ^ {i — we have dist(/2i5 -^2j+i) ^ 2'^" |4* — 4-^ |. Now, set 

fi={l \fitwdty\ti{i,...,p+i}), with IK/- 

l/u' 

9j = \ I I5lsjrclsj t r UU,...,p + ijj, Wltn \\[gj)j\\^,, = \\g\\^, = \\g\ 



[ mfds] Er'({0,...,p + 1}), with \\{g,),\ 



Split the sum in (j7.6p for the neighboring and the ones that are far from one another: we have 
For Hi, apply ([H]) on M and then the Cauchy-Schwarz inequality to get 



P+i / p+i 



( p+l 



l/u' 



j=i je{i-i,i} \*=i je{«-i,«} 

< ll/ll.lbll. 

To estimate H2, write 



j=0 l<i<p+l 

ie{3+i,3} 



^2(/,5)<E E ^ f r/i|^2i|^5il-^2j+l|i 

dlst(/2^,/2,+l) 



By symmetry, we will be done if we can bound for example the sum for j > i. But if j > i 
observe that |4* — 4-^| = 4*(4-'~* — 1) > 4-'. Applying the Cauchy-Schwarz inequality, write then 

I i— ' 



< 



l<i<p+l,j>i / \1<«<P+I,i>« 



l<i<p+l j>i I \2<j<p+l l<«<j 



< 



E /n E < <ii/ii^Ni.'. 

^i<j<p+i ) \2<i<p+i J 
Finally, one gets H{f,g) < and thus Xt satisfies the Hardy property (HP). 
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□ 

Consequently, the space Xt satisfies (IRLD]1 and (HP), but neither (HB), (M) nor (IRAPp . As 
we have already pointed out before, there is a tangible difi^erence between the definitions of layer 
decay and annular decay properties. Thus, it is not surprising to find out that these properties 
are not equivalent. We now have a counterexample for most of the false implications in Theorem 
12.51 It only remains to build a counterexample to prove that ([LP]) ^ (IRLD]) to complete the 
proof. 

Remark 7.2. Slightly modifying the construction, basically just by truncating the space Xj" ^ 
one can get a much simpler example of a space satisfying (IRLPp but not (jRADI) . Indeed, let 
-^'t ~ {li^) I ^ ^ ^ ^s} U [8,+oo[ where [8,+oo[ denotes the half-line on the real axis. Then 
the argument in (3) obviously still holds and X'rp does not satisfy (jRAPp . On the other hand, it 
is immediate to see that for any given ball B of X'rp, Ca.rd{B\B) < 6, and (jRLPp follows easily. 



8. Counterexamples and end of the proof of Theorem 12.51 



We now present some variations of the space Xt in order to provide a space where the Hardy 
property cannot be satisfied. It was originally inspired from the curve of Tessera, but is actually 
in the end only marginally connected to it. Still in the complex plane, consider the space formed 
by the union of the segment [0, 1] on the real axis, the half circle of center and radius 1 in the 
half-plan > 0, and the half-line ] — oo, —1] on the real axis. Parameter this curve so that it 
is traveled at constant speed. This is someway a truncation of the space Xt- Now introduce 
a small perturbation e of the half-circle: for t G [0, vr], set p{t) = 1 -|- e(t), where e is a rapidly 
oscillating function in the neighborhood of the origin, and set 



X, = {7(t) I t > -1}, with 7(t) = < 



{t + 1,0) for -l<t<0, 

{p{t) cos t, p{t) sin t) for < t < vr, 

(vr - t, 0) for t > IT. 



Choose an oscillating function e, ensuring that X^ keeps finite arclength: e{t) = a{t) sm(b{t)) for 
functions a, b appropriately chosen. 

8.1. Exponential oscillation. Let 

ei{t) = e t^sin(7re* 
and set Xi = . See Figure [3] for a representation of the space Xi . 



Remark that choosing ^ instead of j would not change anything in the following. Observe that 
with this choice of e, 7 is and [7'! is uniformly bounded below and above, which obviously 
makes of {Xi,d,A) an Ahlfors-Pavid space. In the following of this section, B{z,r) will always 
denote the ball in of center z and radius r. For a ball B in centered at a point of Xi C M?, 
we will denote by B^^ the corresponding ball in the space Xi. Let B^ = 5(0, 1). 



Proposition 8.1. (1) Xi does not satisfy the layer decay property ()LPp . 
(2) Xi does not satisfy the Hardy property (HP). 
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Figure 3. A representation of the space Xi. 
Proof. We prove that neither of these properties are satisfied for the bah B^'-^^ . 



(1) Let e > 0. Remark that if 7(t) E B^^^^\B°'^\ then e{t) = 0. Denote by tk these points with 
(ifc)fcGN a sequence decreasing to zero, and to = vr. Then we have 

B^' = Mt) \3ken d(7(t),7(tfc)) < £}• 
Because of the uniform boundedness of |7'| above and below, observe that we have 

A(B°'^i) ~ \{t e [0,7r] [ 3k \tk-t\ < e}[, 
On the other hand, for k > 1, we have 



In A; + l/vr "^"^ ~ k 

Thus, if A; > and t < tfc < — , then tk — ifc+i ^ £• It implies that 7(t) stays inside B^''^^ for 



£ ' ' ~ — ~ — Ine 

all the t < for some constant C < +oo. We obtain 



AiBy^)> 



1 



t G [0, vr] I 3/i; > - - t| < e 



> 



0, 



c 



Ine 



> 

~ -Ine' 



It follows that there cannot be any upper bound of the form e'^ for A(i?£' ^), and (jLPp cannot 
be satisfied. 



(2) Let 1 < 1/ < +CX). Let / e L^iB^'^^), f supported on B°'^\ g G L"' {2B^'^^\B°'^^), g 
supported on 2B^'^^\B^'-^^ . Denote by l2k, k > the connected sets of t for which 7(t) G B^'^^ , 
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hk =]i2fc7 ^2fc+i[) and l2p-\-i,p > the connected sets of t for which j{t) G 2B^'-^^\B^'-^^ , l2p+i 
[t2p+i,t2p+2]- By the Ahlfors-David property of Xi, we have 



mf,9)\ 



I I 4^dA(y)dA(x^ 



k,p>0 



dsdt 



where f = f oj, g = g o'j, f e L"" , supported on Ujt>oi"2fe, 9 ^ L'' ,^upported on Up>o/2p+i, and 
IV ^ WfWv^ WsWu' ~ llfflli/'j because |7'| ~ 1. Now, assume that f,g are constant and positive 



on each l2k-,hp+i- Set 



fk 



1 2k 



1/u 

l/(t)rdt) Gr(N), with 



[f Iff(s)r'ds) Gr'(N), with = 



Remark that if p, fc > 1 with p ^ {k, k — 1}, and t G /2A;, s € l2p+i-, then 



l^-i|< 



1 1 
Inp hik 



< 



I ln(p/fc)| 
Inpln k 



We thus have 



\H{f,9)\> Yl 



Inpln k 



[ \m\dt [ \9{s)\ds 



.t^. \Hp/k)\ 

p^{k,k-l} 

s-^ \np\nk 1 1 



P^{*!,fc-l} 



But since 



ln(pA)r 

-^il = — ti\ 



/->+oo Z(ln02' 

there exists N eW such that if Z > A^, then |/;| > 2i(ETj^- follows that 



k,p>N 
p^{fe,fc-l} 



k^pv I ln(p/A;)| 



It is easy to see that this is an unbounded operator. Fix < ry < 1/2, and set for example for 
k,p > N 

f 1 1 



Then 



A; (In fc) 

E 

Ik 



p'^ (Inp)^ 



g J_(M^_ 

r-+00 /■+00 



fe+1 i(lnt)H''ln(t//c) A+i «ln?iln(A;n)^+^ 



d« 



> 



— / 



d-u 



ln(3A;)"+'' Ji+\ u\nu 
> |ln(ln(l + l/fc))| 



(lnA;)^+^ 



(Infe)^-''. 
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It follows that 



2 



k>N k>N ^ ' 

Thus ([H]) cannot be satisfied for any 1 < v < +oo. □ 



Remark 8.2. Observe that although the layer decay property is not satisfied here, we still have 
A(S°'^^) 0. Indeed, nn>i -^i/? = 'B^\B^^^\ but this set is of measure as it is 
countable. Thus, we have 

A(S0^\5°'^n = = lim A(5°f'). 

Observe furthermore that it is always the case in this kind of example with a continuous function 
e, because B^''^^\B^'^^ must necessarily be a countable set, hence of measure zero. Indeed, 
]^o,Xi\^j^o,Xe is the set of points 7(to) for which e(to) = and for every 77 > 0, there exists 
< e < ?7 such that e(to i £) < 0. By continuity of e, we deduce from this that for every point 
7(io) £ B^'^':\B^'-^'- , there exists qo ^ Q with e{qo) < and |to — qo\ a-s small as one wants. 
We can thus construct an injection from B^^^^\B^'^^ to Q and it follows that B^'-^''\B^'^^ is 
countable, hence of measure zero. 



8.2. Polynomial oscillation. This time, let b{t) = ^ : choose 

.,(t) = Ao(^)'sm(^ 

with Aq a sufficiently small constant to be specified later, and construct a space X2 as before. 
Again, (X2,d, A) is an Ahlfors-David space (and thus a space of homogeneous type). 



Proposition 8.3. (1) X2 does not satisfy the Hardy property (HP). 

(2) X2 does satisfy the layer decay inequality (ILPp . but not the relative layer decay inequality 

Proof. (1) We prove again that ([H]) is not satisfied for the unit ball B^'-^^. Let us use the 
same notations as before. For functions / € L'^{B^'^^), f supported inside B^'^'^, and g € 
L^{2B^^^'^\B^'^^), g supported inside 2B^'^^\B^'^2 , we have 



1^5)1 



E 

k,p>0 



dsdt 



This time, we have for k > 1, tj. = ^, and thus for / > 1, we have = ]jpppj ^ ^- Besides, if 
p,k > 1 with p ^ {k, k — 1}, and t € l2k, s £ l2p+i, then 



1 1 

p k 



^ pk 
~ \p-k\' 



\s-tr'> 

Assume again that f,g are constant and positive on each I2k,l2p+i, and set 
fk = 



1/2 

|/(t)pdt with \\{fk)k\\i2 



26 



E. ROUTIN 



/ \ 1/2 

9P={[ Iff(s)l'ds) G^'(N), with \\{gp)p\\^2 = \\g\\2. 

\Jl2p+l J 

Then, we have 

fkgp 



\H{f,g)\> 



^ \t) — fcl 

fc,p>i 1-^ I 
p^{fc,fc-i} 

But it is weh known that this operator is unbounded on . It fohows that ([H]) cannot be satisfied 
for V = 2. Thus, X2 does not satify (HP), nor (jRLPp because of Proposition 15.21 



(2) Let e > 0. We are going to prove ([LP]) for ah the bahs B^^{z,r) centered at a point z G X2 
of radius r > 0. We classify these bahs in three categories, each of which will be taken care of 
differently: first there are the balls B{z,r) of radius r > 1/2, then there are the balls B{z,r) 
of radius < r < 1/2 tangential to the ball at the point of affix 1, and finally the balls 
B(z,r) of radius < r < 1/2 non tangential to the ball B^ at the point of affix 1. We begin by 
taking care of the first category. We first show that X2 satisfies (jLPp for the unit ball B^'^^ , for 
some exponent rj < 1. Indeed, remark that if A: > e~^^'^, then = \tk — tfc+il ^ ^ ^1 ^ind it 
implies that 7(t) stays inside B^'^^ for all the t < Ce^l'^ for some uniform constant < C < +00. 
Besides, observe that we have 

Card {fc e N I /fc < e-i/2| < ^-1/2^ 

and that for each one of the corresponding t^, there is a contribution of at most e to A(i?e' ^). 
Thus, we have 

KbV') < |[0, Ce'/']\ + e X Card {/fc G N | < ."^^j < ^1/2 ^ ^ ^ ^-1/2 < ^1/2 _ 

Since X2 is Alilfors-David, we have A(S0'^2) - 1^ ^nd ([LD]) follows. 

Now, observe that this extends to all the balls B = B{z,r) of radius r > 1/2. As a matter 
of fact, remark that we necessarily have A{B^'^) < A(Be' ^) < e^/^. Indeed, there are at 
most two elements in B^^\B^'^ outside of {'^{t) | < t < vr}. And it is also easy to see that 
B^^\B^'-^ n {7(i) I < t < vr} can be injected inside B^'''^^\B^'^'^ . Thus the preceding argument 
still applies. It follows that 

because r > 1/2. But since X2 is Ahlfors-David, we have A{B^^) ~ r and (fLDi) follows. 

Now, we consider the balls B = B{z,r) with z = I — r and < r < 1/2, tangential to B^ at 
the point of affix 1. Let C denote in the circle of center z and radius r. Switching to polar 
coordinates, for t > sufficiently small (t < tmax = arctauj^), denote by M{t) = {t,v{t)) the 
point of the circle C farthest from the origin, and let u{t) = 1 — v(t) (see Figure Then v(t) 
satisfies the following equation 

v{tf - 2v{t){l - r) cos t+{l-rf = 

so that we have 

u{tf + 2u{t) [(1 - r) cos t - 1] + 2(1 - r) [1 - cos t] = 0, 

hence 

u{t) = 1 - (1 - r) cos t - [(1 - rf cos^ t + 1 - 2(1 - r)]^/^^ 
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Figure 4. Existence of a separation between C and the unit circle. 



There exists Iq > such that for every < t < Iq, cost < 1 — ^ and t'^ <t^. Then, for every 
< t < to and < r < 1/2, we have 



u{t)>l-{l-r){l--) 



>r + 



(l-r)2(l--)2 + 2r 



> r + 



> r + 



> 



— + — +2r 
2 W 



1 

1/2 



1/2 



(1-0^2 



2r2 



16r2 



1/2 



7(1 



1/2 



> r + 



32r 



16 



^ 1 7(l-r 
2 16r2 



we have n(t) > 



Furthermore, since clearly is an increasing function, if to ^ ^ ^ ^max) wc nave u,[^bj ^ ig'-o- 
Now, as \e{t)\ < A(){t/'rr)^, it is clear that if ^o < ^^O' then 7(t) stays outside of B for every 
< t < TT. Thus, B-^'^ reduces to the open segment ]1 — 2r, 1[ which is connected. It implies that 
CaTd{B-^^\B^^) < 2, and consequently, we have 



as, once again, by the Ahlfors-David property of X2 we have A{B^^) ~ r. 

It remains only to consider the balls B = B(z,r) of radius < r < 1/2 non tangential to 
the ball B^ at the point of affix 1. But it is immediate to see that the number of connected 
components of such a ball B'^^ is at most 2: B^^ is a connected set in most cases, but there can 
be two connected components if z = 7(t) with < r < vr is small and r is small enough (then 
1 ^ B^^ but 7(t) G B-^'^ for some — 1 < t < 0). Thus, as for the balls of the previous category, 
we have Card(S^\5^2) < 4, and 

AiBf-)<4e<(-) AiB^^). 



Putting all this together, we have proven that X2 satisfies ([LP]) for r? = 1/2. 



□ 
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The space X2 is thus a counterexample to the imphcation ()LD|) (jRLPp . The proof of Theorem 
12.51 is now complete. 

Remarks 8.4. • Choosing b{t) = ""^^ with a > 0, and a{t) accordingly, would give a space 

very similar to X2, satisfying the same properties. Actually, the choice of a does not 
really matter as long as it ensures that 7 keeps finite arclength. 
• One could pick similar examples for other types of decreasing functions h. This range of 
examples shows that the Hardy property, as well as the relative and non relative layer 
decay properties, are very unstable, as it suffices to apply a slight perturbation to the 
initial space, where they were satisfied, to lose them. 
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